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Abstract. We provide an algorithm which, for a given quadratic equation in the Grig- 
orchuk group determines if it has a sohition. As a corollary to our approach, we prove that 
the group has a finite commutator width. 
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The problem to determine if a given system of equations in an algebraic system S has a 
solution (the Diophantine problem for S) is hard for most algebraic systems. The reason is 
that the problem is quite general and many natural specific decision problems for S can be 

'^ ■ reduced to the Diophantine problem. For example, the word and the conjugacy problems 

^ ' for a group G are very special cases of solving equations in G. This generality is a natural 

source of motivation for studying the problem. Furthermore, equations in 5* can be viewed 
as a narrow fragment of the elementary theory of S. In many cases, solving the Diophantine 
problem and providing a structural description of solution sets of systems of equations is 

Q^ ! the first important step towards proving the solvability of the whole elementary theory. In 

C^ I particular, this is the case for the famous Tarski problem on the solvability of the elementary 

theory of a non-abelian free group, see [S]. The positive solution of the Diophantine problem 
for free groups [TT] and a deep study of properties of solution sets of systems of equations in 

^ ! free groups initiated in [12j are at the very foundation of the known approach to the problem. 

m I These two natural questions can be applied to any countable group G: solve the Dio- 

phantine problem for G and find a good structural description of solutions sets of systems 
of equations in G. 

^ i Among the whole class of equations in a group, a subclass of quadratic equations plays a 

special role. By definition, these are equations in which every variable occurs exactly twice. 
Under this restriction, equations in groups are much more treatable than in the general 
case, compare for example [2] and [TT]. A reason is that natural equation transformations 
applied to quadratic equations do not increase their complexity. This is related to the fact 
that quadratic equations in groups have a nice geometric interpretation in terms of compact 
surfaces (this may be attributed to folklore; see also [2] or [ID])- Although being quadratic is 
a rather restrictive property, it is still a wide class; for example, the word and the conjugacy 
problems in a group are still special cases of quadratic equations. It is worthwhile to mention 
that in many cases, the class of quadratic equations is one of several types of "building blocks" 
for equations of a general form, see [7] . 
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There are two classes of infinite groups where equations are well understood. The first 
is finitely generated abelian groups. In this case, systems of equations are just linear Dio- 
phantine systems over Z. The second is non-abelian free groups. Equations in this case are 
more complicated but has been extensively studied. Although there are many other classes 
of infinite groups where some reasonably general results on equations are known, at present 
they can be informally classified into two types: groups with a "free-like" behavior (e.g. 
Gromov hyperbolic groups) or groups with "abelian-like" behavior (e.g. nilpotent groups). 
(A number of deep results is known also for groups of "mixed type"; see the monograph [IJ 
for equations in free partially commutative groups.) 

In this paper, we make an attempt to study equations in groups which belong to neither 
of these two types. Namely, we take the known 3-generated Grigorchuk 2-group [3] of 
intermediate growth and prove that the Diophantine problem for this group in the special 
case of quadratic equations is solvable. 

Theorem 1. There is an algorithm which for a given quadratic equation in the Grigorchuk 
group T , determines if it has a solution or not. 

A notable feature of the Grigorchuk group F is its self-similarity in the sense that F 
is commensurable with its nontrivial direct power. More precisely, there is a "splitting" 
homomorphism ip oi a, subgroup S'tr(l) of F of index 2 to the direct product F x F of two 
copies of F such that the image of if) has index 8 in F x F (see [HI Chapter VIII, Theorem 28]). 
There are two important properties of ip which give rise to a number of remarkable facts 
about F. The first property is that each component ipi '■ 'S'tr(l) — )■ F of ^/^ = {ipo^ipi) is a 
contracting map with respect to the word length on F defined for a canonical set of generators 
for F. This provides an effective solution of the word problem for F and is a key assertion 
in the proof that F is a 2-group. The second property is a stronger version of the first one: 
the splitting homomorphism -0 itself is a contracting map with respect to a certain length 
function defined on F. A corollary is that the growth function of F is neither polynomial nor 
exponential. 

Our proof of Theorem [T] is based essentially on the stronger version of the contracting 
property of the splitting homomorphism ip. We use also the fact that F is a torsion group 
though we think that this is not essential. We hope that the theorem could be generalized 
to a wider class of groups of a self-similar nature (though, of course, much technical work 
for this generalization has to be done). 

Our main technical tool is defining a special splitting map \E' on equations in F which 
simulates application of the homomorphism ip when arbitrary values of variables are substi- 
tuted into the equation. It is not hard to see that for a quadratic equation, application of \1/ 
produces two equations which are also quadratic. Because tp is contracting, the coefficients 
of new equations are shorter than the coefficients of the original one. Although the com- 
plexity of the non-coefficient part of the equation may increase, this is sufficient to apply an 
induction. 

We apply our technique to prove another non-trivial property of F: 

Theorem 2. There is a number N such that any element ofV belonging to the commutator 
subgroup [F, F] is a product of at most N commutators in F. 

It is well-known that two quadratic words x^y^z^ and x^ [y, z] are equivalent up to a sub- 
stitution of variables induced by an automorphism of the free group -F(x, y, z). This implies 



equivalence x^Xg . . . a^in+i ~ x\[x2, xs] . . . [x2n, a;2n+i] and we have the following immediate 
consequence. 

Corollary. There is a number N such that any element ofT belonging to the verbal subgroup 
generated by squares is a product of at most N squares in T. 

Note that we do not provide a bound on A^ in Theorem [2J 

2. The Grigorchuk group 

Let T be an infinite rooted regular binary tree. By definition, the vertex set of T is the set 
{0, 1}* of all finite binary words with the empty word e at the root. Two words u and v are 
connected by an edge in T if and only if one of them is obtained from the other by adding 
one letter x G {0, 1} at the end. The tree T is shown in Figured! 
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Figure 1 . The infinite rooted regular binary tree T. 

By Aut(T) we denote the group of automorphisms of T. Any automorphism a G Aut(T) 
can be viewed as a permutation on the set {0, 1}* which preserves the length and initial 
segments, i.e., |a(a;)| = \x\ for all x and if a{xy) = x'y' and |x| = \x'\ then a{x) = x' . In 
particular, for every n > 0, a induces a permutation on the set {0, 1}" of words of length n 
(the n-th level of T). We denote by St(n) the stabilizer in Aut(T) of the set {0,1}". In 
particular, 

St(l) = {a G Aut(T) I a(0) = and a(l) = 1} 

is the subgroup of Aut(T) of index 2. 

Let To and 7i be the subtrees of T spanned by the vertices starting with and 1, respec- 
tively. By a we denote the automorphism of T which swaps To and T\. 

a{xvS) = xw for x G {0, 1} 

where x denotes 1 — x. 

By definition, the Grigorchuk group F is the subgroup of Aut{T) generated by four auto- 
morphisms a, b, c and d, where b,c,d G St(l) are defined recursively as follows: 

b{Ow) = Oa{w), b{lw) = lc{w), 

c{Ow) = Oa{w), c{lw) = ld{w), 

d{Ow) = Ow, d{lw) = lb{w). 

It is easy to see that the generators a, b, c and d satisfy the relations 

(1) a^ = b^ = c' = d'' = bed = 1. 
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In particular, 

(a) = {l,a} ~Z/2Z and (6, c, c/) = {1, 6, c, rf} ~ Z/2Z x Z/2Z. 
Hence every element of F can be represented by a word of the form 

(2) [a\xiax2a ■ ■ ■ aXn[a\ 

where Xi G {6, c, d} and the first and the last occurrences of a are optional. 

Every automorphism g G St(l) induces automorphisms Qq and gi on the subtrees To and 7i 
of T. Since To and 7i are naturally isomorphic to T the mapping g i-j- {go,gi) gives a group 
isomorphism 

^:st(i)->Aut(r) X Aut(r). 

We denote by ipi (i = 0, 1) the components of ip: 

Hg) = (Mg), Mg))- 

Observe that conjugation by a swaps the components of ip{g): 

il){aga) = {ipi{g), Mg))- 

Let Str{l) = St(l) nr be the set of automorphisms in F stabilizing the first level of T, i.e., 
stabilizing the vertices and 1. Since b,c,d G St(l) and a swaps % and 7i, the subgroup 
St^ll) has index 2 in F and a word w represents an element of St^il) if and only if w 
has an even number of occurrences of a^^. This implies that St^il) has a generating set 
{6, c, d, aba, aca, ada}. From the definition of b, c and d we can write immediately the images 
under ip of the generators of Str{l)'- 

ip{b) = {a,c), ip{aba) = {c,a), 

ip{c) = {a,d), Tpi^aca) = {d,a), 

^(d) = (l,6), ^(ada) = (6,1). 

The monomorphism 

ip : ^tr(l) ^ F X F 

plays a central role in our analysis of equations in F. Note that computation of ip is effective 
(for example, we can represent an element of S'tr(l) by a reduced word ([2]) as a concatenation 
of generators {b, c, d, aba, aca, ada} and then apply the formulas above). 

We will need a description of the image of ijj as well as an extra technical tool, the 
"subgroup K trick" (Proposition 12.21) used in [13] for a solution of the conjugacy problem 
for F (see also P]). Let K be the normal closure in F of the element abab, 

K = {ababf. 

Lemma 2.1. The following holds: 

(i) K has index 16 in F and the quotient group T/K has the presentation 

T/K = {a, b,d\b'^ = a^ = d^ = l, {abf = {bdf = {ad^ = 1) 

(ii) r/K is the direct product of the cyclic group of order 2 generated by bK and the 

dihedral group of order 8 generated by aK and dK . 
(iii) Kx K <Z^{K). 
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Proof, (ii) follows from (i). (iii) is Proposition 30 (v) in [B], Chapter VIII]. Proposition 30 (ii) 
in [01 Chapter VIII] says that K is of index 16. To verify the presentation for T/K in (i) 
we first check that all defining relations hold in T/K and then compute that the presented 
group is of order 16. D 

By ttk we denote the natural epimorphism F — )■ T/K. A straightforward consequence of 
Lemma I2.1( iii) is the following proposition. 

Proposition 2.2. There is a finite set J-" of pairs {u, v) G T/K x T/K and a map u : J^ ^ 
T/K such that: 

(i) A pair {go,gi) G F x F belongs to the image of ip if and only {'KK{go),T!'K{gi)) ^ J^- 
(ii) If{7iK{go),7!-K{gi)) G J" then for any g eT with ^{g) = {go,gi), we have 

TTxig) =uj{TTKigo),rrKigi)). 
3. Quadratic equations 

3.1. Equations in groups. Let G be a group and X a countable set of variables. An 
equation in G is a formal equality W = 1 where ly is a word uiU2 . . .Ukoi letters Ui G GUX^^. 
We view the left-hand side W of an equation as an element of the free product G * Fx- A 
solution of ly = 1 is a homomorphism a : G * Fx — j- G which is identical on G (i.e. a is 
a G -homomorphism) and satisfies a(iy) = 1. Similarly, a solution of a system of equations 
{Wi = l}ig7 is a G-homomorphism a : G * Fx -^ G such that a{Wi) = 1 for all i. 

For the Diophantine problem in a group G, it is usually assumed that G is finitely or 
countably generated; in this case equations in G can be represented by words in a countable 
alphabet A^'^ U X^^ where A is a generating set for G. 

A word W E G * Fx and an equation W = 1 are called quadratic if every variable x E X 
occurring in W occurs exactly twice (where occurrences of both x and x~^ are counted). 
For a word W E G * Fx by Var(py) C X we denote the set of all variables occurring in W 
(again, occurrences of x^^ are counted as occurrences of a variable x). 

We denote Aut ^•(G * Fx) the group of finitely supported G- automorphisms of G * Fx, i.e., 
automorphisms (p £ Aut{G * Fx) which are identical on G and change finitely many elements 
of X. We say that two words V,W G G * Fx are equivalent if there is an automorphism 
4> G Aut g(G * Fx) such that (piV) is conjugate to W. Clearly, if V and W are equivalent 
then equation V = 1 has a solution if and only if equation W = 1 has a solution. 

It is well known that every quadratic word is equivalent to a word of one of the following 
forms: 

[xi,yi][x2,y2]---[xg,yg] {g>0), 
.. [xi,yi][x2,y2]---[xg,yg]ciZ2^c2Z2...z:;:^^CmZm {g>0,rn>l), 

^' xlxl...x] ig>0), 

XJXI ...X^Ci Z2^C2Z2 . . . Z:;^CraZm (fl' > 0, m > 1), 

where Xi,yi,Zi G X are variables and Ci E G (see |2] or [S]). With a slight change of 
these canonical forms (introducing a new variable zi, for technical convenience), we call the 
following quadratic words Q and the corresponding quadratic equations Q = I standard: 

[xi,yi][x2,y2] ■ ■ ■ [xg,yg] z^^ cizi z^^ C2Z2 . ..z:;;^CmZm (s' > 0, m> 0), 

x\xl ...xl Z^^CiZi Z2^C2Z2 ■ ■ ■ Z^/:^ C,nZm {g > 0, m > 0) . 



Words in the first and in the second series are called standard orientable and standard 
non-orientable, respectively. More generally, a quadratic word Q (and a quadratic equation 
Q = 1) are called orientable if the two occurrences in Q of each variable x G Var(Q) have 
the opposite signs x and x~^ and non-orientable if there is a variable x occurring in Q twice 
with the same signs x or x~^. 

The number g is called the genus of a standard quadratic word Q. The elements Ci, . . . , 
Cm of G occurring in Q are called the coefficients of Q- 

Proposition 3.1. Every quadratic word Q is equivalent to a standard quadratic word R 
which is orientable if and and only if Q is orientable. Moreover, R and the equivalence 
automorphism a G Pm\}g{G*Fx) that sends Q to a conjugate of R can be computed effectively 
for a given Q. 

Proof. Due to the reduction to the classical standard form ^ (the procedure in [2] or in ^ 
is effective and preserves orientability), it is enough to prove that removal of the variable zi 
in a standard quadratic word (in our sense) leads to an equivalent quadratic word. The 
following G-automorphism does the job: 

[Xi,yi] . . . [Xg, yg] ■ Z^^CiZi ■...■ Z:;;^^CmZm -> Z^^{[Xl, yi] ■ ■ ■ [Xg, Vg] ■ CiZ^^C2Z2 ■■■■■ Z;;^CmZ.ra)Zl 

where = (xj H- Zi^XiZi, yi H- z^^yiZi, i = 1, . . . ,g, Zi^ ZiZi, i = 2, . . . ,m). D 

3.2. Equations with constraints modulo a subgroup. Let if be a normal subgroup of 
a group G. By tih we denote the canonical epimorphism G — )• G/H. 

Definition 3.2. An equation in G with a constraint modulo if is a pair {W = 1,7) where 
W & G * Fx and 7 is a map Var(iy) — > G/H. A solution of such an equation is a G- 
homomorphism a : G*Fx — > G satisfying a{W) = 1 and 71h{o:{x)) = 7(0;) for every variable 
X G Var(iy). 

This notion naturally extends to systems of equations in G. A constraint modulo H for a 
system of equations {Wi = 1} is a, map 

^■.[jVaT{W,)^G/H. 

i 

A solution of a constrained system {{Wi = 1},7) is a G-homomorphism a : G * Fx — ?■ G 
such that a{Wi) = 1 for all i and 7r//(a(a;)) = 7(0;) for every x G IJi Var(iyj). 

If y C X is a set of variables then a map 7:1"—)- G/H extends naturally to a group 
homomorphism G * Fy — )■ G/H by defining '-f{g) = TTnig) for g ^ G. We use the same 
notation 7 for this homomorphism (implicitly identifying the two maps). In particular, a 
constraint 7 for a system of equations {i?j = 1} is identified with the induced homomorphism 
G*Fy^ G/H where Y = U Var(Wi). 

Observe that existence of a solution of a system of equations {{Ri = 1},7) with a con- 
straint 7 automatically implies that 'y{Ri) = 1 for all i. 

We introduce equivalence of constrained equations in the following way. 

Definition 3.3. Equations {W = 1,7) and {V = 1,() with constraints modulo H are 

equivalent if 7 and ( can be extended to homomorphisms 7, C : G * Fx — )■ G/H so that for 

some G-automorphism G Aut g(G * Fx), 4>(W) is conjugate to V and C = 7 ° 0- 
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The following simple observation shows that a constraint is naturally induced by equiva- 
lence of equations. 

Lemma 3.4. Let W and V be equivalent words in G * Fx- Then for any constraint 7 : 
Var(H^) — !■ G/H there exists another constraint ( : Var(y) — )■ G/H such that equations 
{W = 1, 7) and (y = 1, () are equivalent. Given W , 7 and a G -automorphism e Aut gIC* 
Fx) sending W to a conjugate ofV, the constraint ( can be effectively computed. 

Proof. To compute (, we first extend 7 to a homomorphism 7:6** Fx — )■ G/H in an 
arbitrary way, then take (^ = 7 o and compute ( by restricting ( to Fx- Since is finitely 
supported, the procedure is effective. D 

As an immediate consequence of the lemma and Proposition 13.11 we get 

Corollary 3.5. For any quadratic equation {Q = 1,7) with a constraint modulo H there is 
an equivalent equation {S = 1,() where S is a standard quadratic word equivalent to Q. 

Assume that Wi and W2 are two words in G * Fx and there is a variable x G X which 
occurs in each Wi exactly once. Let 

Wi = Uix'^'Vi where Ei = ±1. 

We can express x in W2 as x = (V2f/2)~'^^ and then substitute the expression in Wi obtaining 
a new word denoted Wi^xW2 in which x no longer occurs: 

Vri#xW^2 = Ui{V2U2y''Vi. 

Sometimes we simply write Wi^W2 if the choice of x is irrelevant (see also Remark 13. 7|) . It 
is obvious that a system {Wi = 1, W2 = 1} is solvable in G if and only if a single equation 
Wi4^xW2 = 1 is solvable in G. We will need a similar statement for the case of equations 
with constraints. 



Lemma 3.6. Let Wi,W2 G G * Fx and assume that a variable x E X occurs in each Wi 
exactly once. Let {{Wi = 1,W2 = 1},7) be a system of equations in G with a constraint 7 
modulo H and 'j{Wi) = 1 for i = 1,2. Then this system has a solution if and only if the 
equation (PFi#xW^2 = 1,7') has a solution where 7' is the restriction of'y on Va,T{Wi^xW2) . 

Proof. The "only if" part is obvious. For the "if" part, we use the condition 7(PVj) = 1 which 
implies that any solution a' of the constrained equation (W^i#a;W^2 = 1? 7') extends to a 
solution of the system {Wi = 1, W2 = 1} with 7iH{a{x)) = 7(x). D 

Remark 3.7. It is easy to see that if y is another variable which occurs in either Wi and W2 
exactly once then Wi^yW2 and Wii^xW2 are equivalent. However, we do not need this fact 
and the notation Wi^W2 means a particular choice of a variable x which is clear from the 
context. 

4. Splitting equations 

4.1. Splitting words in r*Fx- Let VT = 1 be an equation in F. If we substitute the values 
of a solution to W and apply the splitting homomorphism ip then we get two new equalities. 
These equalities lead in a natural way to a system {Wq = 1, Wi = 1} of two equations in F 
formally defined below in this section. The main idea of splitting an equation is that we 
get a new equivalent system which, in a certain sense, is simpler than the initial equation. 
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Equivalence, however, cannot be achieved in a straightforward way. An obstruction appears 
because the image of Str(l) under t/^ is a proper subgroup of F x F and, in general, a solution 
of the system {Wq = 1, Wi = 1} can not be lifted to a solution oiW = 1. This is the reason 
why we engage equations with constraints modulo K: since we have ip{K) D K x K, for 
constrained equations the transition from 1^ = 1 to {Wq = 1, Wi = 1} is equivalent (see 
Corollary US]). 

Starting from this point, we consider only equations in F with constraints modulo K 
(often omitting mentioning the constraints). Since i^ is a subgroup of F of finite index, any 
equation in F is reduced to a finite disjunction of equations with constraints modulo K. 

On the set of words W G T*Fx we define two maps \E'o and \E'i which simulate application 
of the homomorphisms tpQ and ipi after substituting values of the variables in W. Since ip is 
defined on the subgroup Str(l) of F of index 2, "^q^W) and \E'i(iy) depend on the predefined 
cosets modulo Str(l) of all values of variables occurring in W. We observe that a constraint 
modulo K determines these cosets in a unique way. For this reason, we formally define 
maps \E'j with respect to a given constraint 7 : Var(iy) — ?■ T/K (though denoting them \E'j 
by abuse of notations). 

Given a constraint 7 : F — ?■ T/K on a set of variables Y C X, we use the notation cr^ for 
the induced group homomorphism 

a^ :F*Fy ^F/Str(l) 

into the group F/ Str(l) of order 2 which gives the coset mod Str(l) of every word U G F*Fy. 
For an element u E T, let u denote the closest element in Str(l) defined by 

-_ju ifMGStr(l), 
I ua otherwise. 

For each variable x G X we introduce two variables xq and xi which we call the descendants 
of X. Since we operate on a single set of variables X (and the splitting procedure will be 
applied to an equation recursively) we may formally assume that X is partitioned into two 
infinite disjoint sets Xq and Xi and two bijections X -^ Xq, X — )■ Xi are fixed which provide 
the descendants of a; G X. 
Now, given a word 

W = UiU2...UkeT*Fx, UieTUX^\ 

and a constraint 7 : Var(W^) — ;■ T/K we define a word: 

^q{W) =ViV2...Vk GF*Fx, 

where for Mj G F, 

ipo{ui) a aj{ui...Ui^i) = 1 
il)Q{auia) if a^{ui . . . Ui-i) 7^ 1 

and for Ui = x'^ E X^-*^, 

if a^{ui . . . Mj-i) 7^ 1 I Xi if a^{ui . . . Mj) 7^ 1 



Similarly one defines \l/i(Ty) by taking ipi instead of ■?/'o in the definition of Vi for Mj G F and 
interchanging xq and Xi in the definition of Vi for Ui G X^^. We denote also 

Note that in the definition of \l/i(M^) we do not assume that a.y{W) = 1 (i.e. that W 
defines an element in Str(l) after substituting values for all variables) and thus \l/j(iy) is 
defined for any word W & T * Fx- In particular, we have a function \1/ : F * F{X) -^ 
(F * F{X)) X (F * F{X)). Note also that ^i(W') = "^iiWa) for any W, which can be seen 
directly from the definition. 

Let W & r * F{X) and 7 : Var(Vr) — !■ T/K be a constraint on Va,T{W) (remember 
that \1/(W^) is formally defined with respect to a given 7). For any F-homomorphism a : 
F * -Fvar{VK) ^^ F we can define the induced map a* : F * -Fvar(*o(VK))uVar(*i(w)) — ^ T by 



Oi*{xi) = ■ijji{a{x)) for x G Var(iy) and i = 0, 1. 
The next proposition follows from the construction by induction on the length of W. 

Proposition 4.1 (The main property of \1'). For any T-homomorphism a : F * -Fvar(vi^) — ^ 

F satisfying the constraint 7 (that is, 7ri^(a(x)) = 7(x) for any x G VsiY{W)) we have 
MMW)) = a,{^,{W)) (i = 0, 1). U 

We are in position to define splitting of an equation in F with a constraint modulo K. Since 
the images ifji^gK) of a coset gK do not belong to a unique coset modulo K, a constraint 
modulo K generates a family of constraints under splitting. To define this family, we use 
a notation g for an element g G T/K which plays the role of "the closest element in the 
stabilizer Sti(F)" (similar to the case of notation g for (? G F): 

_^{g iige^t,{V)/K, 

I g 11 K {0) otherwise, 

where tik{o) denotes the natural image of a in T/K. 

Definition 4.2. Given a word W &T * Fx and a map 7 : Va,i{W) — > T/K., we define a set 
Vwn of maps C : Var(^o(Vr)) U Var(^i(l^)) -^ T/K: 



(4) Vwa = {C I w(C(a;o), C(a;i)) = l{x) for all x G Var(Vr)} 

where a; is given in Proposition 12.21 

An immediate consequence of Propositions 14.11 and 12.21 is the following corollary. 

Corollary 4.3 (The splitting reduction). Let {W = 1, 7) be an equation in T and a.y{W) = 1. 
Then (W = 1,7) is solvable if and only if the system ({\l/o(W^) = 1, \l/i(iy) = 1}, C) ^'s 
solvable for some ( G Vw,'y D 

4.2. Splitting quadratic equations. In this subsection, we apply ^ to standard quadratic 
equations in F. 

It follows from the definition of \l/j that for any U,V &T * Fx'- 

'^ ' \^!m■^l^^{V) ifa,(f/)^l. 

9 



Hence the image of a standard quadratic word under \l/j is factored into blocks of the form 

^i([x,?/]), ^i(x2) and '^j{z-'^cz), j = 0,1. (Note that a^{[x,y]) = cr^(x^) = 1.) We write 
exphcit expressions for these factors (we assume that commutators [x, y] are written as 
x~^y~^xy): 

^o([a;, y]) = XQ^y^^Xoyo, ^i([a;, y]) = x^^y^^Xiyi if a^{x) = a^{y) = 1, 

^o([a;, y]) = x^^y^^xiyo, ^i([a;, y]) = XQ^y^^Xoyi if cr^(x) ^ 1, a^{y) = 1, 

^o([a;, y]) = x^^y^^xiyi, ^i([a;, y]) = x^^y^^xoyo if cr^ix) = 1, or^(?/) 7^ 1, 

^o([2;, y]) = x^^y^^xoyi, ^i([a;, y]) = Xo^^yf ^xi|/o if 0^7(3;), a^iy) 7^ 1, 

*o(a;^) = a;o, ^i(a;^) = xj, if (j^(x) = 1, 

*o(a:^) = a;oa;i, ^I/i(a;^) = xia;o, if cr^(x) 7^ 1, 

and finally, 

\l'o(2;^"'^c2;) = Zq^cqZo, "^i^z^^cz) = z^^ciZi if c G Str{l), cy^iz) = 1, 

'^o{z^^cz) = Zq^cqZi, '^i{z^^cz) = z'^^ciZq if c ^ S'tr(l), (^-yiz) = 1, 

\l'o(2:~"'^C2;) = z^^CiZi, "^i^z^^cz) = Zq-^cqZq if c G Str{l), cr^{z) 7^ 1, 

'^o{z~^cz) = z^^ciZq, '^i{z^^cz) = Zq^cqZi if c ^ S'tr(l), cr7(^) 7^ 1- 
where 

Ci = llJi{c), 2 = 0,1. 

For a standard quadratic word Q, denote by C{Q) the set of coefficients of Q. 

Lemma 4.4. Let {Q = 1,7) be a standard quadratic equation in T and 'if{Q) = {Qo,Qi)- 
Then the following assertions are true. 

(i) Var((5o) H Var((5i) = ^ if and only if C{Q) C Str(l) and either 0"^(xi) = cr-yiyi) = 1 
/or every commutator [xi,yi] in the commutator part of Q (if Q is standard ori- 
entable) or 0"^(xj) = 1 for every square xf in the square part of Q (if Q is standard 
non-orientable). 

(ii) //Var((5o) H Var((5i) = 0, then both Qq and Qi are standard quadratic words of the 
same genus g and the same orientability as of Q. Furthermore, 

(iii) If X G Var((5o) fl Var(Qi), then Qoi^xQi is a quadratic word. If Q is orientable then 
QoH^xQi is also orientable. 

Proof. Straightforward verification. D 

In Lemma 14.51 we collect all necessary computations which we will use later to describe 
the standard form of the quadratic word Qo#Qi in the case Var(Qo) H Var((5i) 7^ 0. We 
write U r^ V ioi equivalence of words U,V eT * Fx ■ 

Lemma 4.5. Let Q be a quadratic word, Xq, Xi, yo, yi, zi, Z2, z^, Zt^ be variables not occurring 
in Q, and Ci, C2, C3, C4 G F. The following holds: 

(i) IfQ = UV then 

U[xo,yo]V ~ [xo,yo]Q, UxlV ~ xlQ and Uz^^ciZiV ~ Qz^^ciZi. 
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(ii) If Q = UVW and {R, S) is one of the pairs 
(x^^Vi^xiyo, x^'^y^^xoVi), {x^^y^^Xiyi, x^^y^^xoVo) or (x^'^yQ^xoyi, x^'^y^'^Xiyo) 

then 

URVSWr^[xo,yo][xi,yi\Q. 

(iii) IfQ = UVW then UxoXiVxiXqW ~ xlxlQ. 
(iv) IfQ = UVW then 

U ■ Z{^CxZ2 ■ Z^^C-iZ4^ ■ V ■ Z2^C2Zi ■ Z^^ C^Z^ ■ W ~ [xq, yo]Q ■ Z^^CiC2Zi ■ Z2^C3C4Z2. 



[v) If {R, S) is one of the pairs in (ii), then R^S ~ [xq, Xi]. 

(vi) Z^^CiZ2 ■ Z^^C3Z4 # Z2^C2Zi ■ Z^^C^Z^ ~ Z{^CiC2Zi ■ 2:^^0304^2. 



Proof. Straightforward computations, (i) 

U[x,,y,]V ^""^""^' '^^^^-'->^\ [x,,yo]UV, 
UxlV ^^°^^"^°^\ xlUV, 

Uz^ ciZiV ^ UVz^ cizi. 

To prove (ii), assume R = Xi^y^^xiyo and S = x^^yQ^xoyi. Then: 

Ux^ y^ XiyoVxQ y^ XoyiW > Ux^ y^ XiyoXQ y^ x^yiVW 

)■ x^ y^ XiyoXQ y^ x^yiUVW 

(xo^yixoy^^, ^/0^-+^/l^/0^/^^) r ir -1 IrrT/TiA 

> [xo,yi][y^\xi]UVW 

~ [xo,yo][xi,yi]UVW. 

The other two cases for (i?, S) are similar. 

(iii): The quadratic word UxqXiVxiXqW can be modified as follows: 

TT TT TJT {X0>-^X0V, Xlh^V^'^-Xl) 2 JTTJT 

UxoXiVxiXqW > UxoXiXoVW 

^ XqXIXqUVW 

(xny^xnx^ , x-\i-^x^ ) no 

' — i-> xlxlUVW. 
(iv): The quadratic word U z^^ ciZ2Z^^ c^z^V Z2^ C2ZiZ4'^ c^z^W can be modified as follows: 

U Zi^ CiZ2Z3^ C'iZ/^V Z2^ C2ZiZ'^^ CiiZ^W 

(z2t^Z2V, za^zaV) _i _i _i _i 
> U Z^ C\Z2Z^ C3Z4Z2 C2ZiZ^ C4Z3V W 

{zil->ZlU, Z4'->Z4U) _X _l _l _l TTTJT 

> Z^ CiZ2Z^ CSZ4U Z2 C2Z\Zj^ C4Z3V W 

(Z2>~^Z2U, zst^zsU) _i _i _i _i TT\r^iir 

)■ Z^ CiZ2Z^ C-iZ4Z2 C2ZiZ^ C4Z3U V W 

A reduction of z^^ CiZ2Z^^ C3Z4Z2^ C2ZiZ^^ C4Z3 to the standard form gives 

Zi CiZ2Z^ C3Z4Z2 02^1^4 C4Z3Q ^ [XQ,yo]Z-^^ C1C2Z1Z2 C3C4Z2Q. 
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We then move the factor Zi ^ci 02-21-22 ^c?,caZ2 to the end of Q by (i). Equivalences (v) and 
(vi) are similar. D 

Proposition 4.6 (Non-disjoint orientable case). Let {Q = 1,7) be a quadratic equation 
where 

Q = [Xl, yi] [X2, Z/2] • • • [Xg, Vg] ■ Z^^CiZi ■ ...■ Z'^^CmZm 

is a standard orientable quadratic word and (T^{Q) = 1. Let "^{Q) = {Qo,Qi)- Assume that 
Var((5o) n Var((5i) 7^ 0. Then Qo#<5i is equivalent to a standard quadratic word: 

R = [xi, 2/1] [0:2, 2/2] •• • [xh, Vh] ■ z^^dizi ■ . . . ■ zf'^dizi 

satisfying the following: 

(i) h = 2g + ^6{Q) — 1, where S{Q) is the cardinality of the set {i \ Ci ^ Str(l)}; 
(ii) C{R) = UZiKi \ {1}, where 

^ ^ f {V'o(ci), V'i(ci)} ifci e Str(l), 

\{ipo{cia)ilJi{cia), ilJi{cia)i!o{cia)} z/q ^ Str(l). 

Proof. The assumption 7((5) ^ Str(l) implies that the number S{Q) is even. By Lemma 
I4.4( i). we have cr^{xi) 7^ 1 or a^{yi) 7^ 1 for some commutator [xi,yi\ in Q or Cj ^ 5'tr(l) for 
some j. We compute the standard form of Qoi^Qi- 

Case 1: <7^{xi) 7^ 1 or <J^{yi) 7^ 1 for some i. Let Q = U[xi,yi]V. Then 

Qo = f^oa^r/yji^aJiiZ/ioVo, Qi = UixJ^y-Q^XioynVi if a^{xi) ^ 1, a^{yi) = 1, 

Qo = Uox:[Q'y:r^^XiiyiiVo, Qi = Uixr^^y:r^^XioyioVi if a^{xi) ^ 1, a^{yi) = 1, 

Qo = Uoxl^^y:r^^XioyiiVo, Qi = UixJ^^yr^^XnyioVi if a^{xi) ^ 1, a^ijji) = 1 

where Uk = \l/fc(?7), Vk = "^kiV) for A; = 0, 1. We have the corresponding cases for Qoi^Qv 

Qo#j/,o<5i = Uoxl'^^y:r^^XiiXioyiiViUixlQ^Vo, or 

Qo#xa<5i = Uox:r^^y:r^^y:r^'^XioyioViUiyiiVo, or 

Assume that (T^{xi) 7^ 1 and cr-yiyi) = 1 (the other two cases are similar). Using Lemma [4.51 
we reduce QoH^yi^Qi to a standard form R: 

• By statements (i) and (ii) of the lemma, collect words il)k{[xj.,yj\) for each commu- 
tator [xj,yj\ in UV to the left; each commutator [xj,yj\ in UV contributes then two 
commutators to R. 

• By statement (i) of the lemma, collect words ipk{zJ^CjZj) for each coefficient factor 
zJ'^CjZj with Cj e Str(l) to the right; each factor zJ^CjZj contributes to R at most 
two coefficient factors of a similar form (if ipkicj) = 1 then the factor with ipk{cj) 
disappears). 

• By statement (vi) of the lemma, collect words ipkizJ^CjZj) for the remaining co- 
efficient factors zJ^CjZj with Cj ^ Str(l) to the right (they are now paired as in 
the left-hand side of the equivalence in (vi)). Each pair of factors zJ^CjZj with 
Cj ^ Str(l) contributes one commutator and at most one coefficient factor to R; 

• Finally, replace the remaining non-reduced subword with a commutator by Lemma 

iSKv). 

12 



Case 2: Cj ^ S'tr(l) for some j. Let Q = Uzj ^CjZjV. Then 

Qo = UqZjq CjoZjiVi, Qi = UiZji CjiZjqVq if (y-y\Zj) = 1 

Qo = UqZj-^ CjiZjqVi, Qi = UiZjq CjqZjiVq if (y-y\Zj) ^ 1 

where Uk = ^kiU)^ Vk = "^kiV), Cjk = ipkicj), k = 0,1. Up to re-enumeration of variables 
and coefficients, we may assume that cr^{zj) = 1. In this case 

QoH^ZjoQl ~ UqVqUiZj^ CjiCjQZjiVi. 

Then we proceed similarly to Case 1. 

Statements (i) and (ii) of Proposition 14. 61 now easily follow from the reduction process and 
right hand sides of the equivalences in Lemma [4.5( i.iv.vi). D 

Proposition 4.7 (Non-disjoint non-orientable case). Let {Q = 1,7) be a quadratic equation 
where 

^ _ 2 2 2-1 -1 

is a standard non-orientable quadratic word and (J^{Q) = 1. Let "^{Q) = {Qo,Qi) and 
Var((5o) n Var((5i) 7^ 0. Then Qoi^Qi is equivalent to a standard quadratic word (which is 
non-orientable if g > and orientable otherwise) 

R = xlx\ . . .x1 ■ z^^diZi ■ . . . ■ zf^dizi 

satisfying the following: 

(i) h = 2g + 5iQ) - 2; 
(ii) C{R) = {di, d2, ■ ■ ■ , di} is the same as in Proposition \4 . 6' 



Proof. Similar to the proof of Proposition 14.61 There is a slight difference in computing the 
genus h: in case of a single square Q = x^ we get: 

R = XoXi#Xia;o = 1 

and each commutator coming from the coefficients by Lemma I4.5( iv) contributes 2 to /i by 
the equivalence x'^[y,z] ~ z'^y'^z'^. D 

We summarize properties of the splitting operation for constrained quadratic equations 
in r in the following proposition. 

Proposition 4.8. Let {Q = 1,7) be a standard quadratic equation in T with a constraint 

modulo K. Assume that cr^(Q) = 1 and let "^{Q) = {Qo,Qi)- 

(i) Suppose that Var((5o) H Var((5i) = 0. Then Qq and Qi are standard quadratic 
words of the same genus and orientability as Q. The coefficients of Qi are nontrivial 
elements ipiicj), where ci,...,Cm are the coefficients of Q. There are finitely many 
pairs of constraints (7oj,7ij) such that the equation {Q = 1,7) is solvable if and only 
if, for some j , both equations {Qo = l,7oj) and (Qi = l,7ij) are solvable. 

The set {(7oj)7ij)} of pairs of constraints '^ij is defined by restricting each con- 
straint in Vg.-y (see Definition \4.^ to Var((5o) and Var((5i). In other words, a pair 
(70,71) belongs to this set if and only if 



w(7o(2;o), 7i(a;i)) = l{x) for each x G Var((5), 

where Xo,a;i are the descendants of a variable x and uj is given by Proposition\KM 
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(ii) Suppose that Ya,i{Qi) fl Var(Q2) 7^ 0- Then there is a standard quadratic word R 
equivalent to Qoi^Qi and finitely many constraints 6j : Var(i?) — )■ T/K such that the 
equation {Q = 1,7) is solvable if and only if, for some j, the equation {R = l,6j) 
is solvable. If Q is orientable then R is orientable. The genus and the coefficients 
of R are as in Propositions \4-6\ and \4-T\ 



The set {6j} is defined in the following way. Let (j) ^ Autr(r * Fx) be a V- 
automorphism sending Qo#Qi to a conjugate of R. We take the set Vq^^ of con- 
straints for Qoi^Qi defined in (jlj), and the subset U of Vq,^ of those Q G Vq,^ 
which satisfy C(Qo) = C(Qi) = 1- Then for each ( E U, we take its restriction 
on Var(Qo) U Var(Qi) and produce a constraint 6 : Var(i?) — > G/K using cf) by 
Lemma \3.Ji\ 
All the data provided by assertions (i) and (ii) can be effectively computed from the equation 
(Q = l,7). 

Proof. Follows from Lemmas 13.61 14.41 Corollaries 13. 5^ 14.31 and Propositions 14. 6^ 14.71 D 

Remark 4.9. The transformation automorphism in Proposition I4.8( ii) that sends Qo#<5i 
to its standard form R can be chosen in such a way that 0(Qo#Qi) = R without conjugation. 
This can be seen in a straightforward way from the proofs of Propositions 14.61 and 14.71 and 
the fact that conjugation in not needed in equivalences (v) and (vi) of Lemma | 



5. Solution of the Diophantine problem for quadratic equations 

In this section we prove Theorem [T] by presenting an algorithm which for a given (un- 
constrained) quadratic equation Q = 1 in F determines if the equation has a solution. The 
algorithm consists of Steps 1-5 below. To simplify notations, we assume that Q is an ori- 
entable quadratic word (the non-orientable case is literally the same, with commutators 
replaced by squares). 

Step 1. We reduce Q to the standard form according to Proposition 13. 1[ Thus, from now 
on we write Q as 

Q = [Xi, yi]... [Xg, yg]z^^CiZi . . . Z'^CmZm- 

Step 2. We reduce the problem to constrained equations. For a given Q, we write a finite 
list of all possible constraints 7^ : Var(Q) — >■ T/K. Then the equation Q = 1 is solvable if 
and only if the constrained equation {Q = 1,7j) is solvable for some i. 

We assume now that we are given a constrained standard quadratic equation {Q = 1,7). 

Step 3. Given a standard equation {Q = 1, 7), we start recursive apphcation of the splitting 
procedure described in Proposition 14.81 We use the following fact. 

Proposition 5.1 (Coefficient reduction). Let {gQ,gi, . . .) be a sequence of elements in F 
satisfying the following condition 

^ I {^o(^i), ^i(^i)} if9i e Str(l) 

\{A{9ia)i^i{9ia'), i'i{gia)iJo{9ia)} ^/fl-i ^ Str(l) 

Then there exists M = M{gQ) such that \gn\ < 3 for every n > M. In fact, one can take: 

M = 200 + logi.22 max{l, |^o| - 200}. 

Proof. Follows from Proposition 3.6 in [9]. D 
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After applying the splitting operation at most M times, we find a finite set T of systems 
of equations such that the solvability of (Q = 1, 7) is equivalent to the solvability of at least 
one system in J^. Each system in J^ is a finite set {{Qi = l,7i)} of mutually independent 
quadratic equations {Qi = 1, 7^) written in the standard form where the length of each 
coefficient is at most 3. Define a set: 

S = {geT\ \g\<3}. 

Denote by Ss the set of all standard orientable quadratic equations {Q = 1,7) with coeffi- 
cients in S. Now we may assume that we are given an equation (Q = 1,7) in £^5. 

Step 4. We fix a linear ordering on finite sets T/K and S. Given an equation {Q = 1,7) 
in Sg, we transform it to the ordered form according to the following lemma: 

Lemma 5.2 (Ordering factors). For every equation [Q = 1,7) in £5, there exists (and can 
he effectively computed) an equivalent equation (Q = 1,C) satisfying: 

(5) (C(a:i), C(yi)) ^ (C(X2), C(2/2)) ^ . . . ^ (C(a:,), C(y.)) 
and 

(6) (ci, a^i)) ^ (C2, C(^2)) ^ . . . ^ (c„, C(2:™)) 

where "^ " is the lexicographic order induced by the orderings on T/K and S. 

Proof. If (7(xi+i), 7(^4+1)) -< (7(xj), 7(1/4)) then applying to Q an automorphism: 

{xi -> [xi+i,yi+i]xi[xi+i,yi+iY^ , yi -> [xi+i,yi+i]yi[xi+i,yi+iY'^) 

swaps [xi^yi] and [xj+i,|/i+i] and, possibly, changes 7(a;j) and 7(1/1). For the new equation, 
the sequence of pairs 

((7(a;i), 7(1/1)), (7(3^2), 7(1/2)), •••, (7(3^3), 7(1/9))) 

is lexicographically smaller than that for Q. Therefore, after applying a finite sequence of 
such automorphisms we get an equation satisfying (jS]). 

If (cj+i, 7(2:4+1)) -< (cj,7(zj)), then applying to Q an automorphism 

{Zi — )■ Zi ■ Z^_^_iCi_^_iZi-^-i) 

swaps z'-^c'^Zi and Zj+\c^\2i+i and, possibly, changes 'j{zi). For the new equation, the 
sequence of pairs 

((Cl, 7(2^1)), (02,7(2:2)), •••, {Cm,l{Zm))) 

is lexicographically smaller than that for Q. Therefore, a sequence of such transformations 
stops in finitely many steps with an equation satisfying also (jH]). □ 

Step 5. Denote 

B = {T/K X T/K) U {T/K x S). 

Note that B is finite since both T/K and S are finite. Every ordered equation {Q = 1,7) 
in Sg can be encoded as a function Ag^^ G N^ which associates 

• to every pair {g,h) G T/K x T/K the number of factors [xi,yi] in Q such that 
7(xi) = 5f and -f{yi) = h; 

• to every pair {g, c) G T/K x 5 the number of factors z~'^CiZi in Q such that 7(-2j) = (/ 
and Ci = c. 
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Let P be a set of all functions Xq^^ encoding equations (Q = 1, 7) that have solutions. All 
we need to show is that V is recursive. 

We fix any set of representatives in F of all elements of T/K, so for any h G T/K we have 
/i G r with TTxih) = h. Denote by Order{g) the order of an element (7 G F (it is finite since 
F is a 2-group, see Theorem 17 in [6j Chapter VIII]). 

Let C C N^ be the set of all non-negative linear combinations of the following functions 
fig^h and Ugc where {g, h) and [g, c) run over T/K x T/K and T/K x S respectively: 



IJigA{g,h)] = Order{[g,h]), fi{u) = for all other u E B 



and 



^g,c 



{g, c)] = Order{c), fi{u) = for all other u E B. 
Lemma 5.3. V + CCV. 



Proof. It is enough to prove that "P + ^ C "P where ^ is either /ig/^ or Ug^c- Let {Q = 1,7) 
and (Qi = l,7i) be two equations such that Aq^,^^ = Ag,^ + ^g^h- Then Qi is obtained 
from Q by inserting (at an appropriate place) the product [xi, yi] ■ ■ ■ [xr, yr] of r = Order{g, h) 
commutators [xj,t/i] and defining the constraint 71 on the new variables by 

li{,xi) = -ii{x2) = ■ ■ ■ = -ii{xr) = g and 71(1/1) = 71(1/2) = ■■■ = 71(1/^) = /i. 

If a is a solution of {Q = 1, 7) then we can define a solution ai of (Qi = 1, 71) by extending a 
on the new variables {xi,yi} by setting ai(xi) = g and ai(yi) = h for all i. The case when 
^ = z/g c is similar. D 

Lemma 5.4. Let R be a subset o/N" sttc/i t/iat f^ + N" C i?. T/ien there exist finitely many 
vectors f 1, . . . , fm G -R such that 

R= {vi + W)U...U{v^ + W). 

Proof. We proceed by induction on n. For n = 1 the statement is obvious. Assume that the 
lemma is true in dimension n — 1. Denote by vr : N" — > N"^^ the projection map 

(fci, . . . , a;„_i, Kn) *— ^ (fci, . . . , kn-l). 

By the inductive assumption, there are finitely many vectors Vi, . . . ,Vt G vr(i?) such that 

n{ 
Let Vi E R, i = 1, . . . ,t,he any vectors such that Vi = 7r(f j). Obviously, if 

(fci,fc2,...,Mei?\U(^i + N") 

then A;„ < M„ where M„ is the maximal n-th coordinate of all fj. Proceeding in a similar 
way for all other coordinates i = 1,2, . . . ,n — 1, we find finitely many vectors fi, ^2, . . . , fr 
in R such that every vector {ki, ^2, . . . , kn) in the complement 

T = /?\U(t;, + N") 

i 

satisfies ki < Mi for alH = 1, . . . ,n and hence T is finite. To get the required set {fj}, it 
remains to add to the set of already chosen fj's all vectors in T. D 
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-{R) = {v, + N"-i) U {V2 + N"~') U---U{vt + N"-i) 



Proposition 5.5. There exist finitely many functions Vi, . . . ,Vm & N^ such that 

V={Vi + C)U...U{Vm + C) 

and therefore, V is recursive. 

Proof. Functions in N^ may be viewed as vectors wliose coordinates are indexed by elements 
of E. For u E B, the u-th coordinate of a function ^ G N^ is C,{u). Let {\u}ueB be the 
corresponding basis where, by definition, A„(f) = 1 if m = f and \u{v) = otherwise. 
Then N^ is the set of all non-negative integer linear combinations of the vectors A^. By the 
definition of C, it is the set of all non-negative integer linear combinations of vectors in a set 
{iT-u^u} for some positive integers n„, u E B. This implies that M^ can be partitioned into 
finitely many subsets t + C (where r runs over the corresponding "parallelepiped" of vectors 
whose coordinates ky_ satisfy < k^ < n^ for each u). 

By intersecting each t + C with V, we partition V into finitely many subsets r + Vt with 
Vt ^ jC. By Lemma 15. 3^ we have Vt + C 'O Vt for each r. Then we apply Lemma 15.41 to 
each Vr (writing vectors in the basis {uuXu} instead of {Xu})- This proves the first statement. 

The second statement obviously follows from the first. D 

6. Roundness of the commutator width 

In this section, we apply the technique developed in Sections H] and O and prove Theorem [2J 
Throughout the section, we use the notation: 

Rn = [Xi, yi] [X2, 2/2] •• • [Xn, Vn] 

for a standard coefficient-free orientable quadratic word of genus n > 1. 

In terms of quadratic equations, the statement of the theorem can be formulated in the 
following way: there is a number N such that if an equation RnC = 1 is solvable in F and 
n > N then the equation Rn'C = 1 is solvable in F for some n' < N. The idea of the 
proof (described in more detail in Section 16.21) is to apply the splitting operation described 
in Section H] and to show that it does not depend on the number of commutators in the 
commutator part of the equation. 

6.1. Reduced constraints on i?„. The main goal of this subsection is to prove that any 
constraint 7 on Rn modulo K can be simplified and turned into some form called the reduced 
form. By Stab(i?„) we denote the subgroup of all automorphisms a G Aut(Fvar(ij„)) with 
a{Rn) = Rn- 

Lemma 6.1. For any homomorphism 7 : -Fvar(_R„) — ^ ^ there exists an automorphism a G 
Stab(i?„) such that: 

7a(xi) = gcd{7(xi), . . . , 7(x„), 7(^/1), . . . , 7(i/n)}, 
7a(xj) = for i > 2, 'ya{yi) = for alii = 1, . . . ,n. 

Proof. Let F be the abelian quotient of -Fvar(_R„) over the commutator subgroup. We write 
elements of F as vectors in the basis {xi, yi, . . . , x„, y„} where Xi and yi are natural images 
of Xj and y^ in F. Any automorphism a G Aut(-Fvar(ii;„)) acts on F as an element of GL(2?2, Z). 
We need to show that any vector i = (ti, ^2, . . . , t2n) ^ F can be transformed by an 
automorphism in Stab(i?„) to (rf, 0, . . . , 0) where d = gcd{ti, ^2, • • • , ^2n}- 
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The following automorphisms 

generate a subgroup of Stab(-R„) which acts on each Z^-block as SL(2,Z). Hence we may 
assume that i is of the form (ti, 0, ^3, 0, . . . , t2n-i, 0). 
The following chain 

_i _i _i _i (xi^x'^^xix2, yi^x2^yix2) _i _-! _-| _i 

Xi Vi xiyi ■ X2 2/2 ^22/2 > X2 ■ Xi y^ xi ■ yi ■ y^ ^2^/2 



{xih^xix^ , y2^y2y\) 



-1„.-1, 



^ x^ y^ Xi-x^ ■ 1/2 2:22/2 ■ 2/1 
{x2^yiX2y^^, y2^yiy2y^^) _i _i „i „i 

> xi Vi xiyi ■ x^ 2/2 X2y2 

sends (ti, 0, t^, 0) to (ti — ts, 0, ^3, 0) and we can permute two neighboring Z^-blocks by 

This easily implies that we can act on the coordinates with odd indices of vectors of the form 
(ti,0,t3,0,...,t2n-i,0) asGL(n,Z). D 

Remark 6.2. The action of Stab(-R„) on Z^" is equivalent to the action of extended mapping 
class group Mod (Sn) of the closed surface Sn of genus n on its homology group Hi{Sn, Z). 
Then the statement of the lemma can be easily seen from the fact that Mod(S'ri) acts on 
Hi{Sn, Z) as the symplectic group Sp(ra, Z), see for example [21 Theorem 6.4]. 

Lemma 6.3. Let G be a polycyclic group of degree d. Then for any homomorphism 7 : 
-^Var(fl„) — ^ G, there exists an automorphism a G Stab(i?n) such that 

a'y{xi) = 1 for i > d, Oi-^iyi) = 1 for all i > d. 

Proof. We use induction on d. If G is cyclic then the statement follows from the previous 
lemma by taking instead of 7 any lift -Fvar(fi„) — )■ Z of 7. Assume that d > 1. Then G has 
a normal polycyclic subgroup H of degree d — 1 with a cyclic quotient G/H. By taking the 
projection -FVar{_R„) — )■ G — )■ G/H and using the cyclic case we find a G Stab(-R„) such that 
07 (xj) G -ff for z > 2 and ccjiyi) G H for all i. Then we apply the inductive hypothesis with 
07 instead of 7 and the product [x2, 2/2] •• • [xn, y-n] instead of i?„. D 

By Lemma [2.1( ii). T/K is the direct product of cyclic group of order 2 generated by bK 
and the dihedral group of order 8 generated by aK and dK. Hence, T/K is polycyclic of 
degree 3 with the subnormal series: 

T/K = Go>Gi>G2>G3 = l, Go/Gi - G1/G2 ~ Z/2Z, G2 ~ Z/4Z, 

where Gi = {K,b,ad) and G2 = {K,ad). Applying Lemma [6.31 we immediately get 

Corollary 6.4 (Reducing commutator part). For any n > 3 and any homomorphism 7 : 
Fvar(fi„) — ^ T/K there is an automorphism a G Stab(-R„) such that all the values a'y{xi) and 
a'^iy/) are trivial except, possibly, a7(xi), a7(x2), a7(x3), cn'^iyi) and a'y{y2)- □ 

By Corollary 16.41 every constraint 7 : -Fvar(R„) -^ T/K is equivalent (with the equivalence 
defined as lying in one orbit under the action of Stab(i?„)) to a reduced constraint 7' trivial 
on Var(i?„) except maybe variables Xi,X2,X3,yi,y2. Reduced constraints are represented by 

18 



quintuples of elements of T/K] for 6 = (/^i, /i2, ^3, ^4, ^5) £ O^/K)^ by •ye^n we denote the 
constraint -Fvar(R„) — ^ F/i^ defined by: 

leA^i) = hi fo^^ ^ = 1,2, 3, 70,n(a;i) = 1 for z > 4, 

leAVi) = hi+3 for i = 1, 2, leAVi) = 1 for z > 3. 

Fix any total order on a finite set (T/K)^. For n & N define the set of minimal (relative to 
the fixed order) representatives of reduced constraints for i?„: 

Qn = {ee (T/Kf I we' G (F/K)^ 9' < 9, ye,n ~ le',n ^9' = 9}. 

Clearly, 6„+i C 6^ C {T / KY' for any n G N. Hence, the sequence {6j}^i eventually 
stabilizes, i.e., there exists A^o such that: 

G = GaTq = OaTq+i = 0Aro+2 = . . . 

For 7 : -Fvar(i?„) — ^ T / K by r(7) we denote the tuple in 9 representing 7 up to equivalence; 
so we have 7 ~ 7r(7),n- 

The effect of eventual stabilization of ascending chains of constraints (referred below as 
constraint saturation) plays a key role in the proof of Theorem [2J 

6.2. Stability of splitting. In this subsection we describe the general proof strategy for 
Theorem [2J We consider quadratic equations of the form RnS = 1 where the left-hand side 
RnS is formally divided into the product i?„ of n commutators and an orientable quadratic 
word 5* with Var(i?„) fl Var(S') = 1 (so if RnS is standard then Rn does not need to be all 
of its commutator part). Constrained equations of this form are written as 

{RnS = 1,^,6) 

where 7 and S are constraints defined on Var(i?) and Var(S'), respectively. If 7 = •yg^n then 
the equation is reduced and we abbreviate it as 

{RnS = 1,9, S). 

Every quadratic equation RnS = 1 in F is equivalent to a disjunction of reduced con- 
strained equations: 

(7) y {RnS =1,9,6), 

where A is a set of all possible constraints on 5*. 

Now let {RnS = 1, 9, 6) be a standard constrained orientable quadratic equation. Applying 
a splitting operation as described in Proposition 14.81 we obtain an equivalent disjunction of 
systems of (one or two) standard equations of the same form {Rn'S' = 1,9', 6'). (At the 
moment we assume that an equation Rn'S' = 1 is divided into two parts Rn' and S' in an 
arbitrary way; the exact procedure will be described in l6.4[ ) 

Thus, applying to ([7]) a finite sequence of splittings we obtain an equivalent disjunction of 
systems of quadratic equations of the form 

(8) Q = \/MRn.,A,^ = i,o,„6., 
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Two systems of the form ([H]), 

V A [^riijSij = 1, 6ij, 6ijj and \/ /\ yRk^.Sij = 1, 6ij, 6ij 

i j i j 

which differ only in the genera of their commutator parts i?„- are called similar. For a 
system dS]), define 

p{Q) = minnjj. 

By C{Q) denote the set of coefficients involved in Q. Recall that in SectionOwe introduced 
a set S of "short" elements of F which has the property that after finitely many applications 
of splittings, the coefficients of any system ([H]) eventually belong to S (see Proposition 15. ip . 

We will prove a fact which is formally more general than Theorem [21 (Theorem [2] follows 
if we take for Qi and Q2 the systems ([7]) obtained from equations -R^v = 9 and i?„ = g, 
n > N, where g is an element of F.) 

Theorem 3. There exists a number N with the following property. If Qi and Q2 are similar 
systems with p{Qi),p{Q2) > N then Qi is solvable if and only if Q2 is solvable. 

The proof of Theorem [3] uses induction and consists of two major steps. 

Proposition 6.5 (Base of induction). There exists a number Ni such that for any two 
similar systems Qi and Q2 with p{Qi),p{Q2) > Ni and C{Qi) C S, Qi is solvable if and 
only if Q2 is solvable. 

Proposition 6.6 (Stability of splitting). There exists a number N2 such that application 
of the splitting operation to similar systems Q,\ and Q2 with p{Qi),p{Q2) > N2 results in 
similar systems Q[ and Q2 with p{Q'^ > p{Qi)- 

Let us check that Propositions 16.51 and 16.61 imply Theorem [31 Take A^ = max(A'^i, A^2)- 
Let Qi and Q2 be two similar systems of the form (jHD with p{Qi) > N. By Proposition 16.61 
splitting of Qi and Q2 results in similar systems Q[ and Q'2. Each Q[ is equivalent to Qi and 
since p{Q'i) > N, we are again under conditions of Proposition 16.61 Continuing the splitting 
process we eventually obtain two similar systems with coefficients in S (by Proposition 15. ip . 
Then by Proposition 16.51 one is solvable if and only if the other is solvable. Q.E.D. 

We prove Propositions 16.51 and 16.61 in subsections 16.31 and 16.41 respectively. 

6.3. Base of induction. For the proof of Proposition 16.51 it is enough to consider the case 
of a single equation: 

Lemma 6.7. There is a number Ni with the following property. Assume that n, n' > Ni 
and all coefficients of S have length at most 3. Then the equation {RnS = 1,0,6) is solvable 
if and only if the equation {Rn'S = 1,9,6) is solvable. 

Proof. The equation {Rn'S = l,'yoy,6) is obtained from {RnS = 1,75)_„,(5) by inserting a 
word 

W = [Xn+l, Vn+l] ■ ■ ■ [Xn',yn'] 

and extending the constraint by setting 76i,n'(a;j) = •ye^n'iyi) = 1 for all Xi,yi G VariW). 

Let {Q = 1, () be an ordered form of the equation {RnS = 1, 7, 6) (see Step 4 in Section[S]). 
As described in the proof of Lemma 15. 2^ to get this form we apply automorphisms to RnS 
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to re-order the commutator and the coefficient parts. To get an ordered form of {Rn'S = 
l,7e,n',<^) we can use automorphisms 

TT TJ/T/ (xt^x-^XiX, y,^x-^y,x, i=n+l,...,n') 

UxWV > UWxV, 

UWxV > UxWV 

which can move W at any position in Rn'S without changing the constraint on the variables 
Xi^Hi G Var(iy). This easily implies that an ordered form of the equation {Rn'S = 1,7', 5) 
can be written as {Q' = 1, CO where Q' is obtained from Q by inserting W at an appropriate 
position in Q and extending ( by defining ('{xi) = C'ijJi) = 1 for ^iyVi ^ Var(iy). 

Let Aq^^ and Xq'^c be corresponding codes defined in Step 5, Section O We see immediately 
that Aq/,^/ and Aq^,^ differ in a single coordinate by m, i.e. 

^Q'X' = ^Q,C + "^/^ 

where /x is is defined by /i((l, 1)) = 1 on (1, 1) G T/K x T/K and fi{u) = for all other 
u & B. Now Proposition 15.51 implies that there exist positive numbers A^i and M such that 
if n > A^i and m is a multiple of M then the solvability of (Q = 1, C) is equivalent to the 
solvability of {Q' = !,(')■ Since the solvabihty of {Q' = 1,C') implies the solvability of the 
same equation with n' changed to any n" with n < n" < n' (we can substitute Xi = i/i = 1 
for any extra commutator [xi,yi]) we can drop the condition that m is a multiple of M. 

Finally, we observe that A^^i can be chosen independently on the choice of the equation 
[RnS = 1,7,(5) (we can take A^i as the maximal coordinate of all vectors Vi in Proposi- 
tion EB) D 

6.4. Constraint saturation. Here we prove Proposition 16. 6[ It is enough to consider the 
case when Qi and Q2 consist of a single equation. 

Fix an arbitrary S, a constraint 6 for S, a tuple 6 E Q and consider an equation 

Q(")= (Rsfl[x„y,]-S = l, e, d). 

Splitting this equation (without subsequent reduction to the standard form) we obtain an 
equivalent disjunction 

<5'GA 



where: 



\E'(i?3) = {Qo,Qi) and A are constraints on Var((5o) U Var((5i); 
each TTj is a constraint on {xi,yi,x[,y'i}; 
\E'(S') = {So, Si) and 6' are constraints on Var(S'o) U Var(S'i); 
A and A are sets of constraints which do not depend on n; 

up to renaming variables, each ttj runs over a fixed set 11 of constraints on {x, y, x', y'}. 
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Saturation in the disjoint case. If the two equations in Q^ have disjoint sets of variables then 
both are in the standard form. In this case, reducing the set of constraints on Qq YYi^i[xi, i/i] 
and on Qi HiLif^i'l/i] "^^ obtain a new system 



^(n) w /I V0lli=lR,2/jJ ■ -^o - i, n n X' 



(5'eA 

where each 6i define a constraint on Var(Qj), ^[^^(A) C B^ and all variables {xj, i/i, x[, y[} are 
trivially constrained. The set 11 contains, in particular, the trivial constraint on {x, y, x', y'}. 
This implies \E'„(A) C \E'„4.i(A). Since there are finitely many possible choices of A, starting 
from some n > N2 we get ^^nlA) = \l/n+i(A) for any n. Then systems Q2 cire similar for 
different values of n > A^2 ^^^ thus Proposition 16.61 holds in this case. 

Saturation in the non-disjoint case. If the two equations in Qi have a shared variable, we 
need to compute 

(9) (Qof[[x^,y^]So] # (Qif[Ky';\Sr] 

and then take it to the standard form. Up to interchanging the two commutator subse- 
quences, OH]) is of the form 

n n 

Ul[[x,,y,]Vl[[x'„y'^W. 

Applying (xj i-> U~^XiU, yi i-> U^^yiU, x\ i-> (f/F)"^x-f/V, y[ h-> {UVy^y'^V) we obtain 
a word 

n n 

l[Ky^]l[Ky'^UVW, 

i=l i=l 

which is the same as 

n n 

Thus, Qi is equivalent to the disjunction 



V \I[[xi,yi\I[Wi,y'i\-QoSoi^QiSi = '^, 7Ti,...,nn,x,s' 



) 



7ri,...,7r„Gn', \i=l i=l / 

AeA, 

5'eA 

where 11' is a set of constraints on {x, y, x', y'} (and inclusions ttj G II' are assumed up to 
renaming variables). Note that II' contains the trivial constraint on R2 since it is obtained 
from n by an appropriate conjugation of values of variables. 
After reduction to the standard form, we obtain a disjunction 

Qi"^= V iR2nS' = i, e\o, 

0'e*„, 

where S" is the standard form of QqSq^QiSi, 6' is a constraint on Var(_R2n) and ^ is a con- 
straint on Var(S") (we do not change constraints on R2n by Remark 1^^ . The sequence {^n} 
is ascending and since there are finitely many possible choices of such sequences (determined 
by the possible choices of II'), for some A''2' we have stabilization: \E'„ = \E'„+i for all n > Nl^ 
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and any starting equation Qq . Then, again, systems Q3 are similar for different values 
of n. 

Proposition 16.61 is proved for N2 = max(3, N^, N2). This finishes the proof of Theorem [31 
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